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Abstract
We investigate structure of 13
Λ
C and discuss the difference and similarity between the structures of 12C and 13
Λ
C by answering the
questions if the linear-chain and gaslike cluster states, which are proposed to appear in 12C, survives, or new structure states appear
or not. We introduce a microscopic cluster model called, Hyper-Tohsaki-Horiuchi-Schuck-Ro¨pke (H-THSR) wave function, which
is an extended version of the THSR wave function so as to describeΛ hypernuclei. We obtained two bound states and two resonance
(quasi-bound) states for Jpi = 0+ in 13
Λ
C, corresponding to the four 0+ states in 12C. However, the inversion of level ordering between
the spectra of 12C and 13
Λ
C, i.e. that the 0+
3
and 0+
4
states in 13
Λ
C correspond to the 0+
4
and 0+
3
states in 12C, respectively, is shown
to occur. The additional Λ particle reduces sizes of the 0+
2
and 0+
3
states in 13
Λ
C very much, but the shrinkage of the 0+
4
state is
only a half of the other states, in spite of the fact that attractive Λ-N interaction makes nucleus contracted so much when the Λ
particle occupies an S -orbit. In conclusion, the Hoyle state becomes quite a compact object with 9
Λ
Be + α configuration in 13
Λ
C
and is no more gaslike state composed of the 3α clusters. Instead, the 0+
4
state in 13
Λ
C, coming from the 12C(0+
3
) state, appears as
a gaslike state composed of α + α + 5
Λ
He configuration, i.e. the Hoyle analog state. A linear-chain state in a Λ hypernucleus is
for the first time predicted to exist as the 0+
3
state in 13
Λ
C with more shrunk arrangement of the 3α clusters along z-axis than the
3α linear-chain configuration realized in the 12C(0+
4
) state. All the excited states are shown to appear around the corresponding
cluster-decay threshold, reflecting the threshold rule.
Key words:
Nuclear clustering, as well as the mean-field-type correla-
tion, is an important basis to understand nuclear many-body
systems [1, 2]. Appearance of the clustering is strongly asso-
ciated with cluster-decay thresholds. The so-called Ikeda di-
agram, which refers to the necessary condition about the ex-
citation energy for the formation of cluster states, tells us that
a cluster structure appears around the corresponding threshold,
while if the excitation energy is low enough below the thresh-
old, the cluster structure dissolves into a mean-field state as a
result of strengthened interaction between the clusters [3, 4].
This condition known as the threshold rule allows us to con-
sider that if a certain system involves a variety of thresholds, a
variety of corresponding cluster states likely to appear.
This threshold rule for nuclear clustering seems to be more
important in light Λ hypernuclei [5]. For example, in 12C, the
lowest threshold is the one to decay into 3α clusters located at
7.27 MeV. The famous Hoyle state [6, 7, 8] exists at 0.38 MeV
above the threshold and is known to have well developed 3α
cluster structure. However, the situation amazingly changes if
a Λ particle joins in 12C, namely being 13
Λ
C. There appear new
cluster species with the Λ particle, i.e. 5
Λ
He and 9
Λ
Be, which
are bound by 3.12 MeV and 6.71 MeV below the α + Λ and
2α + Λ thresholds, respectively. The ground state of 13
Λ
C is
further bound by 11.69 MeV, relative to the 12C + Λ threshold.
Therefore in 13
Λ
C, the 8Be + 5
Λ
He and α + 9
Λ
Be thresholds, as
well as the 12C + Λ threshold, newly show up below the 3α +
Λ threshold (see Fig. 1). This situation implies that in 13
Λ
C,
according to the threshold rule, various cluster structures, which
are not limited to the 3α + Λ clustering, play an important role
in the formation of its excited states.
In this study, we focus on the many-body cluster dynamics
appearing in 13
Λ
C, and investigate the structures of its excited
states up to around the 3α+Λ threshold. If the Λ particle is put
into a core nucleus, what kind of structure change is expected
has been an important issue in structure studies of hypernuclei.
The above argument may then give an important hint to answer
this question.
Although in Λ hypernuclei, two-body cluster systems like
7
Λ
Li, 9
Λ
Be, etc [9, 10, 11, 12, 13, 14, 15, 16, 17], have well been
investigated, more-body cluster systems were only poorly dis-
cussed so far. In 13
Λ
C, which is obviously a typical example
of multi-clustered hypernuclei, several authors have discussed
its nature by using cluster models, like the Resonating Group
Method (RGM) [9, 18] and Orthogonality Condition Model
(OCM) [10, 19, 20]. Concerning the structure aspect, however,
a special emphasis was only put on the difference of properties
that appears when the Λ particle couples with the shell-model-
like state or the cluster state. They considered the (1/2)+
2
state
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to correspond to the Hoyle analog state in which the Λ particle
couples with the Hoyle state. They found that the (1/2)+
2
state
has much smaller r.m.s. radius than that of the Hoyle state in
12C, due to a gluelike role of the Λ particle, while the ground
state has negligibly small contraction by the Λ particle, due to
its saturation property. This is because the Hoyle state has very
dilute density which is about 1/3 of saturation [21], so that a
much larger shrinkage effect was obtained when the Λ particle
is added to the Hoyle state. On the other hand, the energy gain
due to the additional Λ particle for the Hoyle state is only a
half of that for the ground state, which derives from difference
between the 12C(0+
2
)+Λ and 12C(0+
1
)+Λ folding potentials, re-
flecting the difference of density distributions of both states [9].
We should also mention that contrary to the situation in 13
Λ
C,
the excited states of 12C have been extensively studied by using
the cluster models such as the RGM [22], Generator Coordinate
Method (GCM) [23, 24, 25, 26], and OCM [27]. All these mod-
els could succeed in reproducing the experimental data for the
low-lying states including the Hoyle state [28]. In particular, in
the last 15 years, it was established that the Hoyle state has a
“Bose-condensate” like feature, where the 3α clusters weakly
interact with each other like a gas and occupy an identical or-
bit [29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40]. The important
contribution to the establishment of this concept was given by
the so-called Tohsaki-Horiuchi-Schuck-Ro¨pke (THSR) wave
function of the α condensate type character [29, 41], in which
the RGM and GCM wave functions for the Hoyle state were
shown to be almost equivalent to a single configuration of the
THSR wave function [30].
While it is now widely accepted that the Hoyle state has the
new feature as α condensate, exploration of excited states above
the Hoyle state is in a frontier of nuclear structure problems.
For example, the second Jpi = 2+ and 4+ states were very re-
cently observed at around 10 MeV [42, 43, 44, 45, 46] and 13.3
MeV [47], respectively. Their relation with the Hoyle state,
whether or not they form a rotational band with the Hoyle state,
has been strongly argued [28, 48, 49, 50].
Furthermore, there has been known a Jpi = 0+ state at 10.3
MeV with about 3 MeV width above the Hoyle state, but very
recently it was reported in experiment that this broad 0+ state
is decomposed into two peaks at 9.04 MeV and 10.56 MeV,
with widths of 1.45 MeV and 1.42 MeV, corresponding to the
0+
3
and 0+
4
states, respectively [44, 51]. Theoretically the 0+
3
and 0+
4
states were obtained around the 10 MeV region by us-
ing the 3α OCM, with a proper resonance boundary condi-
tion [52, 53]. In Ref. [52], it was mentioned that the 0+
3
has
an S -wave dominant structure, according to an extrapolation
method. On the other hand, the Antisymmetrized Molecular
Dynamics (AMD) and Fermionic Molecular Dynamics (FMD)
calculations predicted that the 0+
4
state has a bent-armed shape
of the 3α clusters, which resembles a linear-chain structure of
3α clusters [54, 55, 56], though in these calculations the 0+
3
state
is missing [57, 58, 59].
Very recently these 0+ states above the Hoyle state are also
investigated by using the THSR wave function with an exten-
sion to include 8Be + α asymptotic configuration [50, 60, 61]
and a treatment of resonances [34], since this wave function
is known to be highly reliable for the description of the Hoyle
state [30]. The both 0+ states are reproduced well, and it is
concluded that the 0+
4
state predominantly has the linear-chain
configuration composed of the 3α clusters and the 0+
3
state is
considered to be a family of the Hoyle state [60], in which the
internal motions of the 3α clusters experience a monopole ex-
citation from the Hoyle state.
The purpose of this study is to investigate 13
Λ
C to exhibit what
happens when the Λ particle is added to 12C. Not only whether
the Hoyle analog state appears or not, which has been explored
in neighboring nuclei such as 16O [62, 63], 11B [64, 65, 66], and
13C [67, 68], but also what kind of structural change is expected,
whether the linear-chain state in the 0+
4
state of 12C remains or
not, and whether a new state appears or not, are of highly inter-
est. By using the extended version of the THSR wave function,
which can successfully describe the excited states of the core
12C nucleus, we discuss the similarities and differences between
the structures of 12C and 13
Λ
C.
In the recent works on the 3α cluster structures in 12C, one of
the authors (Y. F.) employed the following microscopic cluster
model that is referred to as the THSR wave function [69, 70,
50, 60]:
ΦTHSR3α (β1, β2)
= A
[
exp
{
−
2∑
i=1
µi
∑
k=x,y,z
ξ2
ik
b2 + 2β2
ik
}
φ(α1)φ(α2)φ(α3)
]
, (1)
with
φ(αi) ∝ exp
[
−
∑
1≤k<l≤4
(ri,k − ri,l)
2/(8b2)
]
, (2)
where βi (i = 1, 2) are variational parameters to characterize a
size and shape of the nucleus, while the other parameter b is
fixed at 1.348 fm, which is close to the size of the α particle in
free space, throughout this paper. ξi (i = 1, 2) are the Jacobi
coordinates between the 3α clusters, ξ1 = R1 − R2 and ξ2 =
R3 − (R1 + R2)/2, where Ri = (r4(i−1)+1 + · · · + r4(i−1)+4)/4 (i =
1, 2, 3), and µi = 2i/(i + 1). A is the antisymmetrizer acting on
12 nucleons. We should mention that this model was employed
in the previous study of 12C and is shown to reproduce very
well the excited states above the Hoyle state, the Hoyle band
(0+
2
, 2+
2
, 4+
2
), and 0+
3
and 0+
4
states [50, 60].
In the present work, we add oneΛ particle to this THSRwave
function in the following way,
ΦH−THSR3α (β1, β2, κ) = A
[
exp
{
−
2∑
i=1
µi
∑
k=x,y,z
ξ2
ik
b2 + 2β2
ik
}
φ3(α)
]
ϕΛ(κ),
(3)
with
ϕΛ(κ) = exp
(
− µΛ
∑
k=x,y,z
ξ2
3k
2b2 + κ2
k
)
, (4)
where the ϕΛ(κ) is the wave function of the Λ particle with
its width parameter, κ, which is out of the antisymmetrization,
µΛ = 12mΛ/(12mN + mΛ) with mN and mΛ being nucleon and
Λ-particle masses, respectively, and ξ3 = R4− (R1+R2+R3)/3
with R4 a position vector of theΛ particle. We refer to this wave
2
function as the Hyper-THSR (H-THSR) wave function [71] in
this work.
We should note that the present model wave function breaks
rotational symmetry for the center-of-mass motions of the α
particles andΛ particle, though in our previous work the Λ par-
ticle motion is kept spherical [71]. Throughout this work, axi-
ally symmetric deformation is taken into account, i.e. βx = βy ,
βz and κx = κy , κz. This allows for coupling of the Λ particle
in non-zero spin partial waves with the deformable 12C core.
The rotational symmetry is restored by introducing the angular-
momentum projection operator, like ΦH−THSR
JM
= N P̂J
M
ΦH−THSR
3α
with N a normalization constant. Then we suppose the follow-
ing linear combination in terms of the parameters, β1, β2, and
κ, to obtain the energy eigenstates:
Ψ
(λ)
JM
=
∑
β
1
,β
2
,κ
fλ(β1, β2, κ)Φ
H−THSR
JM (β1, β2, κ). (5)
The coefficients of the linear combination, fλ(β1, β2, κ) can be
determined by solving the Hill-Wheeler equation as follows:∑
β
′
1
,β
′
2
,κ′
〈
ΦH−THSRJM (β1, β2, κ)
∣∣∣Hˆ − Eλ
∣∣∣ΦH−THSRJM (β′1, β′2, κ′)〉 fλ(β′1, β′2, κ′) = 0. (6)
In this calculation, we adopt the following values of the param-
eter set: (β1x = β1y, β1z, β2x = β2y, β2z) = (0.75×1.5
i−1, 0.75×
1.5 j−1, 0.75 × 1.5i−1, 0.75 × 1.5 j−1 fm), (1.5, 3.0, 0.75 ×
1.5i−1, 0.75×1.5 j−1 fm), with i, j = 1, · · · , 7, and (κx = κy, κz) =
(0.75 × 1.5k−1, 0.75 × 1.5l−1 fm), with k, l = 1, · · · , 6, with re-
strictions, β1z ≥ β1x = β1y, β2z ≥ β2x = β2y, κz ≥ κx = κy,
β1xβ1yβ1z ≤ 450, β2xβ2yβ2z ≤ 450, and κxκyκz ≤ 450.
For Hamiltonian, we use the followingmicroscopic one com-
posed of the kinetic energy Ti, the effective nucleon-nucleon
force, V
(NN)
i j
, the Coulomb force V
(C)
i j
, and ΛN force VΛN
i
:
H =
13∑
i=1
Ti − TG +
12∑
i< j
V
(C)
i j
+
12∑
i< j
V
(NN)
i j
+
12∑
i=1
V
(ΛN)
i
, (7)
where TG is the spurious center-of-mass kinetic energy and the
negligibly small NΛ spin-orbit force is not taken into account
in this work. For V
(NN)
i j
we adopt the same NN force as used
in Refs. [50, 60], Volkov No. 2 force [72], where the strength
parameters are slightly modified [28]. For the NΛ interac-
tion, we adopt the spin-independent parts of the YNG interac-
tion, ESC04a [73, 74], where the fermi-momentum parameter
is taken to be kF = 1.0734 fm
−1, for which the empirical values
ofΛ binding energy of 5
Λ
He and 9
Λ
Be, i.e. BΛ(
5
Λ
He) = 3.12MeV
and BΛ(
9
Λ
Be) = 6.71 MeV, respectively, are well reproduced by
the present H-THSR ansatz.
In Fig. 1, the calculated Jpi = 0+ spectra of 12C and 13
Λ
C and
the observed Jpi = 0+ spectrum of 12C are shown. The four
0+ states in 12C shown in this figure are also obtained by the
THSR ansatz [50, 60]: The 0+
1
state of 12C has a shell-model-
like structure and the observed energy and r.m.s. radius are well
reproduced [70]. The 0+
2
state, i.e. the Hoyle state, is located
very closely to the 3α breakup threshold, and accordingly has
Figure 1: (color online) Spectra of 12C and 13
Λ
C calculated with THSR and
H-THSR wave functions. Experimental spectrum of 12C is also shown [44].
Numbers, 15.0, 8.5, 8.3, and 4.1, are EΛ values in a unit of MeV, which are
defined as differences of binding energies of the states of 13
Λ
C from those of the
corresponding states in 12C (see the text for more detailed definition of EΛ).
Spectrum of 12C calculated with THSR wave function is taken from Refs. [50,
60].
the loosely coupled 3α cluster structure like a gas. The 0+
3
state
has a higher nodal structure in the internal motions of the α
clusters than in the Hoyle state [60]. In Ref. [61], this state is
also discussed and is concluded to be the vibrational excitation
from the Hoyle state. On the other hand, the 0+
4
state is shown
to have a 3α linear-chain component as a dominant configura-
tion. Thus, while the 0+
3
state is considered to be a family of the
Hoyle state, the 0+
4
state has a quite different structure from the
0+
2
and 0+
3
states.
In 13
Λ
C, first we should mention that we simply denote the
spectrum of 13
Λ
C as Jpi = 0+ states, neglecting the intrinsic
spin 1/2 of the Λ particle, for simplicity. From this figure,
one can see that 13
Λ
C gives more decay channels than 12C,
i.e. Λ + 12C(0+
1
), α + 9
Λ
Be(0+
1
), Λ + 12C(2+
1
), α + 9
Λ
Be(2+
1
),
8Be(0+) + 5
Λ
He, α + 9
Λ
Be(0+
2
), and 8Be(2+) + 5
Λ
He. Up to the
3α + Λ threshold, we have the four Jpi = 0+ states, which ap-
pear to correspond to the four Jpi = 0+ states in 12C. We can
see that the 0+
2
in 13
Λ
C is obtained as a bound state which is lo-
cated below the lowest threshold, Λ + 12C(0+
1
), by 0.8 MeV.
Although the 0+
3
and 0+
4
states are obtained below the 3α + Λ
threshold, the new decay thresholds open, as mentioned above,
and hence they inherently exist as resonances. Then one might
suspect that these resonance states are difficult to handle in the
present bound state approximation, in which nevertheless we
obtain them as quasi stable states. However, according to the
energy gain for all these states, we can see the contraction of the
size of them, as we will discuss in the next in Table 1. This in-
dicates that the amplitudes of the wave functions of those states
3
are pushed toward the inside, which can play a role in prevent-
ing the states from decaying in a short life time, i.e. from having
a broad decay width. Although we have checked the stability
of the solutions in Eq. (6) by varying the adopted values of the
parameter set, we further calculated the widths decaying into
the possible channels, by using the separation energy method
based on the R-matrix theory [75]. The 0+
3
state is found to
mainly decay into the Λ + 12C(0+
1
) and α + 9
Λ
Be(0+
1
) channels,
whose partial decaywidths are calculated to be at most 0.6MeV
and 0.4 MeV, respectively. Decay width into the other channel,
Λ+ 12C(2+), is negligibly small. These values are much smaller
than the corresponding decay energies, 3.1 MeV and 2.6 MeV,
respectively. The 0+
4
state mainly decays into the α + 9
Λ
Be(0+
1
),
α + 9
Λ
Be(2+
1
), and 8Be(0+) + 5
Λ
He channels with their partial
widths, at most, 1.1 MeV, 1.0 MeV, and 0.4 MeV, respectively,
while the widths decaying into the other channels are negligi-
bly small. The decay energies, 5.4MeV, 2.5MeV, and 1.8MeV,
respectively, are smaller enough than the correspondingwidths.
This is different from the situation in the 0+
3
state of 12C, whose
decay energy and width are comparable, 1.77 MeV and 1.45
MeV, respectively [44], in which therefore some techniques to
impose resonance boundary condition are necessary in theoret-
ical treatment [50, 52, 53, 76]. These results thus allow us to
safely discuss these states in 13
Λ
C within the bound state approx-
imation. Actually the energy deviation of the 0+
3
and 0+
4
states
against the variation of adopted mesh points to solve Eq. (6) is
still within only a few hundred keV, while the convergence of
the bound 0+
1
and 0+
2
states is in an order of ten keV.
We note here that also within the bound state approximation,
we predict the existence of 9
Λ
Be(0+
2
) state at 1.4 MeV above the
α + 5
Λ
He threshold (1.7 MeV blow the 2α + Λ threshold, see
Fig. 1). Although this state has not yet been discussed before,
our calculation by using the 2α + Λ H-THSR wave function
for 9
Λ
Be gives the eigenstate at this energy position, as a very
much stable solution against the variation of basis functions.
Since this state is still located below the 2α + Λ threshold and
only the α + 5
Λ
He decay channel is open, it must have an α +
5
Λ
He resonant nature. In fact, our calculation of reduced width
amplitude (RWA) of α + 5
Λ
He channel shows a well developed
α+5
Λ
He cluster structure with 3 nodes (the ground state 9
Λ
Be(0+
1
)
has 2 nodes for the RWA). We will discuss in more detail the
resonance nature of this state in a forthcoming paper.
In Table 1, we show the root mean square (r.m.s.) radius
of the core R
(c)
rms, the r.m.s. distance between the core and Λ
particle R
(c−Λ)
rms , and the r.m.s. radius of
13
Λ
C, Rrms, together with
the r.m.s. radius of isolated 12C calculated in Ref. [50]. We can
see that the higher excited state has a larger r.m.s. radius. The
most important result that can be deduced from the calculated
r.m.s. radii for these states is that only the 0+
4
state is qualified
to be a gaslike cluster state, since only this state has a larger
r.m.s. radius 4.3 fm than the one of the Hoyle state 3.7 fm,
which is the typical gaslike cluster state of the 3α clusters. The
r.m.s. radii for the other states are small enough compared with
the Hoyle state radius. We will later discuss the mechanism in
detail.
We also show in Table 1 the Λ binding energies, EΛ, which
are defined as the binding energies for the 0+
λ
(λ = 1, · · · , 4)
Table 1: Root mean square radii of 13
Λ
C (Rrms) and of the
12C core (R
(c)
rms), r.m.s.
distance between the Λ particle and 12C core, for the 0+
1
- 0+
4
states of 13
Λ
C,
and for comparison, r.m.s. radius of the 0+
1
- 0+
4
states in 12C, are shown in
a unit of fm. EΛ values for the 0
+
1
- 0+
4
states in 13
Λ
C shown in Fig. 1, which
are defined as differences of binding energies of the states of 13
Λ
C from those of
the corresponding states in 12C, and excitation energies Eexc , are also shown,
together with the corresponding experimental data.
13
Λ
C 12C
R
(c)
rms R
(c−Λ)
rms Rrms Eexc EΛ Rrms
0+
1
2.2 2.1 2.2
15.0
2.4(exp : 11.69)
0+
2
2.8 3.4 2.9 14.4 8.5 3.7
0+
3
3.1 4.8 3.2 18.1 8.3 4.2 (0+
4
)
0+
4
4.3 4.8 4.3 20.9 4.1 4.7 (0+
3
)
states relative to the corresponding 12C(0+
λ
) + Λ (λ = 1, · · · , 4)
thresholds. Here we should note that concerning the correspon-
dence between both the spectra in 13
Λ
C and 12C, the counterparts
of the 0+
3
and 0+
4
states in 13
Λ
C are most likely the 0+
4
and 0+
3
states in 12C, respectively, as we indicate in Fig. 1. We will
later explain why this assignment should be better and this in-
version of level ordering happens, with analysis of S 2-factor in
Figs. 2 and 3. Then the EΛ values of the 0
+
1
, 0+
2
, 0+
3
, and 0+
4
states in 13
Λ
C are accordingly defined as the binding energies
measured from the 12C(0+
1
) +Λ, 12C(0+
2
) + Λ, 12C(0+
4
) + Λ, and
12C(0+
3
)+Λ states, respectively. We also show in Table 1 the ex-
perimental data of EΛ for the ground state, and this value, 11.69
MeV, is sizably smaller than the calculated one 15.0 MeV. This
is, however, well known to happen when using the NΛ YNG
potential, in which its density dependence is controlled by the
adjustable fermi-momentum parameter kF , since the present kF
value adopted to reproduce the binding energy of 9
Λ
Be with clus-
tering nature, as well as that of 5
Λ
He, is not appropriate for the
ground state of 13
Λ
C with more compact shell-model-like struc-
ture [10].
As mentioned in Introduction, the ground state that has sat-
uration density experiences almost no shrinkage by the addi-
tional Λ particle but gains much larger binding energy than
cluster states like the Hoyle state whose density is far below
the saturation. That difference can be seen for the 0+
1
and
0+
2
states. With the Λ particle injected, the density of the
Hoyle state becomes (3.7/2.8)3 = 2.4 times larger, though
EΛ = 8.5 MeV is only about a half of that of the ground state,
EΛ = 15.0 MeV. The 0
+
3
state also behaves like the Hoyle state,
i.e. (4.2/3.1)3 = 2.5 times larger density and EΛ = 8.3 MeV.
However, further mechanism appears to work for the cluster
states, considering the behavior of the 0+
4
state. For this state,
the change of density and the energy gain, (4.7/4.3)3 = 1.3 and
EΛ = 4.1 MeV, respectively, are only halves of those of the 0
+
2
and 0+
3
states. The injected Λ particle does not appear to play
an efficient role as a glue and does not gain so much the bind-
ing energy for this state. We then have to answer the question
of what this quite a large difference comes from, as well as to
explain the reason why the reversal assignment of both 0+
3
and
4
0+
4
states in 12C and 13
Λ
C is justified.
These questions can be answered with the analysis of S 2-
factor for the four 0+ states decaying into various channels, de-
fined as,
S 2i =
∫
(rYi(r))
2dr, (8)
whereYi(r), the reduced width amplitudes (RWAs), are defined
below,
Yi(r) =

√
12!
12!1!
〈
[Ψi(
12C), Y00(̂ξi)]00
δ(ξi − r)
ξ2
i
∣∣∣∣Ψ(λ)J=0〉
(i = 1, · · · , 5)
√
12!
8!4!
〈
[Ψi(
8Be), Y00(̂ξi)]00
δ(ξi − r)
ξ2
i
Ψ(5ΛHe)
∣∣∣∣Ψ(λ)J=0〉
(i = 6, 7)
√
12!
8!4!
〈
[Ψi(
9
ΛBe), Y00(̂ξi)]00
δ(ξi − r)
ξ2
i
Ψ(α)
∣∣∣∣Ψ(λ)J=0〉
(i = 8, · · · , 10).
(9)
In the above equations, ξi are relative distances between
12C
and Λ particle for i = 1, · · · , 5, 8Be and 5
Λ
He for i = 6, 7, and
9
Λ
Be and α cluster for i = 8, · · · , 10. Ψi(
12C) with i = 1, 2, 3, 4,
and 5 denote the wave functions of the 0+
1
, 0+
2
, 0+
3
, 0+
4
, and 2+
states of 12C, respectively, calculated by using the THSR ansatz.
Ψi(
8Be) with i = 6, 7 denote the wave functions of the 0+ and 2+
states of 8Be, respectively, also calculated by the THSR ansatz.
Ψi(
9
Λ
Be) with i = 8, 9, and 10 denote the wave functions of
the 0+
1
, 2+ and 0+
2
states of 9
Λ
Be, respectively, calculated by the
present H-THSR ansatz.
In Figs. 2 and 3, the S 2-factors for the four 0+ states decaying
into various channels (Fig. 2 for the 0+
1
and 0+
2
states and Fig. 3
for the 0+
3
and 0+
4
states) are shown. First we explain which 0+
states in 12C are the counterparts of the 0+
1
- 0+
4
states in 13
Λ
C,
by focusing on the Λ+ 12C(0+
i
) channels with i = 1, · · · , 4 only.
The 0+ states in 13
Λ
Cmust have large contributions from the cor-
respondingΛ+12C(0+) channels. For example, in Fig. 2, the 0+
1
state and 0+
2
state have the largest components in theΛ+12C(0+
1
)
andΛ+12C(0+
2
) channels, respectively, within i = 1, · · · , 4. This
means that the 0+
1
and 0+
2
states in 13
Λ
C correspond to the 0+
1
and 0+
2
states in 12C, respectively. However, for the 0+
3
state the
largest contribution, within i = 1, · · · , 4, is from theΛ+12C(0+
4
)
channel and almost nothing from the Λ + 12C(0+
3
) channel. On
the contrary, the 0+
4
state has very little from Λ + 12C(0+
4
) chan-
nel and largeΛ+12C(0+
3
) component is seen, thoughΛ+12C(0+
2
)
component is slightly larger. We can therefore conclude that the
0+
3
and 0+
4
states in 13
Λ
C come from the Λ-particle coupling with
the 0+
4
and 0+
3
states in 12C, respectively. The fact that the 0+
4
state includes rather large Λ + 12C(0+
2
) component allows us to
consider that this state is a gaslike cluster state.
Next let us try to answer the question of why the shrinkage
and the energy gain for the 0+
4
state are much different from
those for the 0+
2
and 0+
3
states. We should first investigate the
nature of the 0+
2
state. From Fig. 2, we can understand that the
dominant component included in this state is α + 9
Λ
Be(0+
1
) con-
figuration, though 5
Λ
He + 8Be(0+) configuration is also largely
Figure 2: (color online) S 2-factor of the 0+
1
and 0+
2
states for various channels,
Λ + 12C(0+
1
, 0+
2
, 0+
3
, 0+
4
, and 2+), which are denoted as 1, 2, 3, 4, and 5,
respectively, and 5
Λ
He + 8Be(0+), 5
Λ
He + 8Be(2+), α + 9
Λ
Be(0+
1
), α + 9
Λ
Be(2+
1
),
and α + 9
Λ
Be(0+
2
), which are denoted as 6, 7, 8, 9, and 10, respectively.
Figure 3: (color online) S 2-factor of the 0+
3
and 0+
4
states for various channels,
Λ + 12C(0+
1
, 0+
2
, 0+
3
, 0+
4
, and 2+), which are denoted as 1, 2, 3, 4, and 5,
respectively, and 5
Λ
He + 8Be(0+), 5
Λ
He + 8Be(2+), α + 9
Λ
Be(0+
1
), α + 9
Λ
Be(2+
1
),
and α + 9
Λ
Be(0+
2
), which are denoted as 6, 7, 8, 9, and 10, respectively.
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included. This is because the binding energy of the 9
Λ
Be is so
large that it is energetically favored that the injected Λ particle
shrinks the core and forms α + 9
Λ
Be(0+
1
) cluster configuration.
In fact, this state is located at around the α + 9
Λ
Be(0+
1
) thresh-
old as well as around the Λ + 12C(0+
1
) threshold (see Fig. 1),
which follows the so-called threshold rule, indicating that clus-
ter states appear around the corresponding threshold energy. It
is to be noted that this state is overbound below the thresholds
and appears as the bound state, since the shrinkage effect of the
Λ particle is strong enough to make this state very compact ob-
ject. One can again see in Table 1 that the r.m.s. radius 2.9 fm
of this state is much smaller than that of the Hoyle state 3.7 fm.
On the other hand, the 0+
4
state has the largest component
of α + 9
Λ
Be(0+
2
), and in the second, 8Be(0+) + 5
Λ
He component,
though a large contribution from the α + 9
Λ
Be(0+
1
) channel can
still also be seen. Let us be reminded that the 9
Λ
Be(0+
2
) state
has a loosely coupled α + 5
Λ
He structure. This energy of the
α+ 9
Λ
Be(0+
2
) state is quite close to the position of the 0+
4
state of
13
Λ
C, 1.6 MeV higher than the 2α + 5
Λ
He threshold, so that this
state must dominantly include this component, i.e. loosely cou-
pled 2α+ 5
Λ
He component. This situation gives us the answer of
the question of why theΛ particle cannot increase the density of
this state so much and accordingly cannot gain enough the bind-
ing energy. For the 0+
4
state theΛ particle couples with only one
α cluster, to form 5
Λ
He. The smaller overlap with nucleons re-
duces the shrinkage as well as the gain of the Λ binding energy.
In fact, this state appears around the 2α+ 5
Λ
He threshold energy,
for the threshold rule. The slightly higher energy position, 1.6
MeV above the 2α+ 5
Λ
He threshold, allows for the diluteness of
this state.
The reason why this structure state emerges can be attributed
to an orthogonality condition. Since the 0+
2
state largely has a
configuration of α + 9
Λ
Be(0+
1
), where the Λ particle moves in-
side the 8Be nucleus, the orthogonality to the 0+
2
state, which is
satisfied by the 0+
4
state, prevents the Λ particle from overlap-
ping with the 8Be core (2α clusters). This orthogonality to the
0+
2
state with rather compact structure, as well as to the ground
state, makes the 0+
4
state quite a large object, where the r.m.s.
radius of the core amounts to R
(c)
rms = 4.3 fm. As a result, the
loosely-coupled 2α+ 5
Λ
He cluster state, considered as an analog
of the Hoyle state in 12C, is built. We should mention that a
configuration space used in the 0+
3
state is completely different
from the ones used in the 0+
4
and 0+
2
states, as we will discuss
later, so that, to good approximation, the configuration space
used in the 0+
3
state satisfies the orthogonality to the ones used
in the 0+
2
and 0+
4
states.
We further investigate the structural change of the 0+
4
state
in 13
Λ
C from the 0+
3
state in 12C by adding the Λ particle. In
Refs. [50, 60] the author pointed out that the Hoyle state is fur-
ther excited by strong monopole transition, to give rise to the 0+
3
state in 12C, which has a higher nodal structure in the internal
motions of the 3α clusters than what the Hoyle state has.
We show in Fig. 4 the RWAs defined in Eq. (9), rY
(λ)
i=6
(r), of
the 0+
2
state (solid curve in red), with λ = 2, and the 0+
4
state
(solid curve in blue), with λ = 4, in 13
Λ
C for the 5
Λ
He + 8Be(0+
1
)
channel, i.e. i = 6, as a function of relative distance between
Figure 4: (color online) RWAs of the 0+
2
(dotted curve in red) and 0+
3
(dotted
curve in blue) state of 12C in the channel α+ 8Be(0+) and of the 0+
2
(solid curve
in red) and 0+
4
(solid curve in blue) states of 13
Λ
C in the channel 5
Λ
He + 8Be(0+)
are shown.
5
Λ
He and 8Be. In comparison, the corresponding RWAs of the
Hoyle state (dotted curve in red) and the 0+
3
state (dotted curve
in blue) in 12C for the α + 8Be(0+
1
) channel as a function of
relative distance between α and 8Be, are also shown.
We can see that the 0+
3
state in 12C (dotted curve in blue) has
four nodes while in the Hoyle state (dotted curve in red) three
nodes disappear and the corresponding oscillation remains. It is
argued that these nodes appear as a result of the Pauli principle
acting on the nucleons between the two clusters (in this case
α and 8Be) and outermost nodal point corresponds to the core
radius, or the touching radius between the two clusters [77].
Then the disappearance of the nodes indicates dissolution of the
core and is the evidence that dilute gaslike cluster state appears,
as long as a long tail behavior also remains, as in the Hoyle
state [33, 36, 50, 63].
Let us now consider the RWAs for the 0+
2
(solid curve in red)
and 0+
4
(solid curve in blue) states in 13
Λ
C. While the both curves
are dragged in inner region compared with those in 12C, the
most prominent feature is the disappearance of nodes for the 0+
4
state, though the innermost node only remains. This means that
the 8Be core is dissolved in the 0+
4
state, completely unlike the
case of the 0+
3
state in 12C. We should also be aware that for the
0+
4
state a long tail is still very much developed, which is similar
to the Hoyle state. This is also completely different from the 0+
2
state, in which the whole amplitude is pushed inside with no
long tail any more. All these results again give strong support
of our idea that the 0+
4
state has a gaslike structure of 2α + 5
Λ
He
clusters, as a Hoyle analog state.
It is important to mention that this Hoyle analog state
uniquely appears in 13
Λ
C and we cannot expect in 13C 2α + 5He
gas, since 5He is not bound [68], whereas 5
Λ
He is bound by 3.1
MeV. Furthermore, in this Hoyle analog state, it is not ener-
getically favored that, for example, the Λ particle covalently
6
exchanges with the gaslike 3α clusters, rather than forming the
2α + 5
Λ
He gas, in which the potential energy gain due to its for-
mation of 5
Λ
He cluster prevails against the loss of kinetic energy
by its localization around an α cluster. This again raises the
importance of the threshold rule.
We can also say that the fact that the 0+
4
state, which can
be connected to the 0+
3
in 12C, plays a role as the Hoyle analog
state implies that the Hoyle state and the 0+
3
in 12C are intimately
related to each other, like a family, as proposed in Refs. [50, 60,
61].
1
2
3
4
5
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7
8
9
10
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β z 
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Figure 5: (color online) Contour map of the squared overlap Oλ=3(β1 = β2) in
Eq. (10) for the 0+
3
state, in two parameter space, β1 = β2 = (βx = βy, βz).
Black solid curves are drawn in a step of 0.1 and red dotted curves, which cover
the region of Oλ=3(β1 = β2) ≥ 0.41, are in a step of 0.01.
Next we discuss the structure of the 0+
3
state. Since this state
can be regarded as Λ coupling to 12C(0+
4
) state that dominantly
has a linear-chain configuration of the 3α clusters, we can ex-
pect that such an exotic structure like the linear-chain is also
realized in hypernuclei. According to Refs. [28, 52, 57, 50], the
0+
4
state in 12C with the linear-chain-like configuration domi-
nantly has α + 8Be(2+) component. From Fig. 3, we can see
that the 0+
3
state in 13
Λ
C also has the similar nature to the 0+
4
state in 12C. The 0+
3
state in 13
Λ
C has the largest component of
α + 9
Λ
Be(2+) configuration, and sizable 5
Λ
He + 8Be(2+) compo-
nent is also included, though the latter component appears to be
suppressed since the energy of this channel is much higher than
the position of the 0+
3
state (see Fig. 1). These results suggest
that the 0+
3
state in 13
Λ
C considerably takes over the feature of
the 0+
4
state in 12C.
In order to further clarify this aspect for the 0+
3
state, we
calculate the following squared overlap with the single THSR
wave function,
Oλ=3(β1 = β2) = maxκ
|〈ΦH−THSRJ=0 (β1 = β2, κ)|Ψ
(λ=3)
J=0
〉|2, (10)
where the κ values are taken to give maximum values of the
squared overlap for a given β1 = β2 parameter value.
In Fig. 5, the contour map of the squared overlap Eq. (10)
is shown. This figure corresponds to Fig. 6 in the previous
publication [60], in which essentially the same quantity was
calculated for the 0+
4
state in 12C, i.e. for the linear-chain
state in 12C. We can see that, in principle, the behavior does
not change. Only the parameter values βx = βy, βz giving
the maximum shift from (βx = βy, βz) = (0.6, 6.7 fm) to
(βx = βy, βz) = (0.4, 4.6 fm). This rather large shift along
z-axix is due to the shrinkage effect by the Λ particle. The
optimal parameter value for the Λ particle is then calculated
(κx = κy, κz) = (1.7, 4.8 fm), indicating that the Λ particle
also keeps strongly prolately-deformed shape so as to cover the
whole region occupied by the 3α clusters. This helps to gain
overlap between the Λ particle and the 3α clusters, and hence
to gain the Λ binding energy.
We also show in Fig. 6 (Left) the intrinsic density profile
of nucleons at the optimal parameter value (βx = βy, βz) =
(0.4, 4.6 fm), cut at yz-plane. In comparison, the one of the 0+
4
state in 12C is also shown at right, which is taken from Fig. 7
in Ref. [60] and is calculated at the optimal parameter value
(βx = βy, βz) = (0.6, 6, 7 fm) in the same THSR ansatz. The
distinct linear-chain structure of the 3α clusters can be seen.
This component is included in the 0+
3
state by 47 % as a main
configuration, which is almost the same as in the 0+
4
state of 12C,
47 %. The nucleons are contracted along the z-direction from
βz = 6.7 fm for
12C to βz = 4.6 fm for
13
Λ
C, which we can also
clearly see from both the figures. We can thus conclude that the
Λ particle makes the linear-chain structure in the 0+
4
state of 12C
kept as it is and only shrinks the 3α clusters along z-axis.
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Figure 6: (color online) (Left): Intrinsic density profile generated from the
THSR wave function before angular-momentum projection, with β1 = β2 =
(βx = βy, βz) = (0.4, 4.6 fm) and (κx = κy, κz) = (1.7, 4.8 fm), which gives
the maximal squared overlap, 0.47, in Fig. 5. (Right): in comparison with the
left, intrinsic density profile for the 0+
4
state in 12C, which is taken from Fig. 7
in Ref. [60], is also shown (see Ref. [60] for details).
In conclusion, we investigated Jpi = 0+ states in 13
Λ
C by using
the THSR-type wave function, which very successfully repro-
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duces the Hoyle state and the other two Jpi = 0+ states in 12C
recently observed above the Hoyle state. We obtained the four
0+ states in 13
Λ
C, corresponding to the four 0+ states in 12C. We
showed that the coupling of the Λ particle with the Hoyle state
forces the 13
Λ
C(0+
2
) state to become a compact object with the
α + 9
Λ
Be(0+
1
) structure and largely to lose its nature as a gas of
the α clusters. Instead, as a result of the orthogonalization to
the α + 9
Λ
Be(0+
1
) configuration, 13
Λ
C(0+
4
) state plays a role as the
Hoyle analog state, in which gaslike 2α + 5
Λ
He cluster struc-
ture is formed. We also predict the existence of the linear-chain
state in 13
Λ
C, as the 0+
3
state, which is considered to be the Λ
particle coupling to the 0+
4
state in 12C. It is remarkable that all
these states appear around the corresponding cluster-breakup
thresholds, according to the threshold rule, which is an impor-
tant basis to describe cluster dynamics. Although the 13
Λ
C(0+
3
)
and 13
Λ
C(0+
4
) states are located above the lowest particle-decay
threshold as resonances, we hope that this study will trigger in-
terest of experimentalists and in near future all these excited
states, including the 13
Λ
C(0+
2
) state, are observed in experiment.
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